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Flat'Sphere Geometry. 

Second Paper. 
By John Eiesland. 



Introduction. 



In a paper published in American Journal op Mathematics, Vol. XXXV,* 
I have extended Lie's Line-Sphere Geometry in 3-space to an odd-dimensional 
space in which a special self -dual element takes the place of the line in 4-space. 
Conforming to the notation of this memoir, to which we shall refer in the fol- 
lowing pages by the letter A, we denote the odd-dimensional space by #„_! 
(«-even). The following theorem was proved (A, p. 226): 

There exist in #„_ico 2 contact-transformations which transform the 

co " flat spreads 

n 2 

<»i = ay t +b t , z—S.Ciyi+d, \q i =—ap i +c i \, » = 1, 2, '~~2~* ^ 

into the go " spheres in 8 n _ x . These transformations are obtained by super- 
posing the inverse of the generalized Lie transformation L on the contact- 
transformations that leave the x" flats (1) invariant. These transformations 
have the characteristic functions: 

i, Pi, ift, %, Qi, %iPi+mi> %kyi—%iyk, VkPi—PkQi, p^k+Wk, 

XiPk+V&k, zyk—y£Wi—Xi£Piyi, zp k —p k l,q i y i + q k l < p j y j , Sq^j, 
2*j3i» 2p*y„ 2z — Z(®iPi+yjqj), zx^.—y^.x^—x^x^^ zq^p^x^ 
—q^M, z i —zlq i y i —zlp i x^x i p i ■ Xqyy—^x^ • 2*/ } .p,, 

i, k=l, 2, »^2~f iz & k - 

* " On a Flat Spread-Sphere Geometry in Odd-Dimensional Space," pp. 201-228. 
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The inverse of L is: 



Pi 



* 2<— 1 ■" 2i 



l±Vl+2Pf' 

> St = ( ^2i-l *^2t ) 



i±Vi+2Pf' 

Pu—1 ^2i 



l±Vl + 2P 2 ' 



1 + V1+2P? 

„_ S(P«-i+*P«) (-Xw-i— iX w ) r ._ 1 n— 

*~ l±Vl+2P 2 - 1 ' ' ' • • ' ' '"2" 



(3) 



Tfoe same transformations L 1 Gn±i 1 n+2 transform the asymptotic curves on an 

_ 2 

« — 2-sprea<i M„_ 2 in /S f n _ 1 mio £7ie Ziwes o/ curvature on the transform of M n _ 2 
in S n _!. The differential equations of the asymptotic curves on M n _ 2 are 



d%idp n _ 2 + dyidq H _ 2 = 0, dq k dp n . 2 —dp k dq n ^ 2 = 0, 



»-l,A-..., 2 

w — 2 



■,(4) 



22 2 2 fc=l,2, ... 

and £/iose o/ ifte Ziwes o/ curvature on the transform are 

(dXt+PiX^JdP^s- (dX^+P^dX^dP^O, »=1, 2, . . . ., n-3. 



§ 1. The lines that are here denoted as "asymptotic" are from the stand- 
point of the flat-sphere geometry in S n _i the analogues of asymptotic lines on a 
surface in 3 -space, inasmuch as through any point on the surface there pass 
n — 2 such lines, and to these correspond by the generalized Lie transformation 
(3) the lines of curvature on the transform.* 

The lines of curvature on a spread M n _ 2 in S n _ t are not necessarily coor- 
dinate lines of curvature in the Darboux sense. In fact, as Darboux has 
shown,f an n — 2-spread has coordinate lines of curvature if and only if an 
n — 1-tuple orthogonal system exists of which the given M n _ 2 is one of the n — 1 
mutually orthogonal surfaces. If a surface has coordinate lines of curvature 

*/. e., in general; in the case of special surfaces we may have "bands" of- curvature or curvature 
= spreads, in which case the transform has "bands" of asymptotic curves. Such cases we shall meet 
with in the present paper. 

f Darboux, " Legons sur les systemes orthogonaux et les coordinees curvilignes," pp. 133-137 and 
176-182. See also a note in Comptes Rendus, Vol. CXXVIII, pp. 284-285, entitled " Sur les systemes 
orthogonaux," by A. Pellet. 
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it may be shown that the coordinates X t and the direction cosines of the normal 
c t must satisfy the generalized Olinde Rodrigue formulae 

dXj dCj _ i=l, 2, , n— 1, 

3p* *3p*~ ' *=1,2, ....,n-2, 
that is, on a surface having coordinate lines of curvature the functions 
pi , • • • • , p»-2 are such that on a line of curvature p fc the function p k only varies 
while the others remain constant. For 3-space this is always true, while for 
n > 3 this condition imposes restrictions on the surface as an individual ; while 
every surface in w-space has lines of curvature, not every surface is a member 
of an n-tuple orthogonal system of surfaces. 

We shall say that a spread M n _ 2 in #„_! has coordinate asymptotic lines 
whenever its transform by the transformation (3) has coordinate lines of 
curvature. 

Through the researches of Darboux and others we now know a great many 
orthogonal systems in «-space, and therefore also an indefinite number of 
surfaces having coordinate lines of curvature. If in an odd space we trans- 
form these by (3) we obtain surfaces on which the corresponding lines are 
coordinate asymptotic lines, but since in general, to real surface-elements in 

S„_x correspond imaginary elements in S n _ t , this method is not always con- 
venient and sometimes even impractical, since the eliminations to be performed 
are rather complicated if the surface in 8 n _ x is to be obtained in parametric or 
Cartesian form. The lines of curvature being real on a real surface, the 
corresponding asymptotic lines will in general be imaginary if the transform 
is a real surface. 

§ 2. We shall represent the tangent flat F n _ 2 to an n — 2-spread in #„_! by 
the following equation : 

(a 1 + p i )X 1 +Ha l —P 1 )X t + .... +i(an-2-^n = 2)X n _ 2 

2 2 

" +(l-2a,/? i )X„_ 1 +F=0. (5) 
the envelope of which is the spread M n _ 2 (A, p. 208) : 

v _ ("1+P2) y / r" 1 p' \ 

Xl— g Vl 2"^a, + Jft), 



%2=i 2 — ~ -^•«- 1 + "2" (F'ai-~Fk) > 



_ gq j jVj-Sftn i --F 



(6) 
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The equations (5) may therefore be considered as the tangential equation of 
the spread. The equations of the lines of curvature are (A, p. 204) : 



. _ n— 4 

da, _ dF' 0t d(3 k _ dF' ak »-l,2,....,-2-, 



^a n __ 2 " ^ B _ 2 ' tZa^ dF^_,' n -2 

2 -j- 2 T" « — 1, <S, . . . ., 



(7) 



2 ' 
which may be put in the form, writing p { for F„' 4 and & for 2^ , 

da,idqn-2 — t?a«-2(j^=0, d(3 k d7jn-2 — dan-2dp k = 0. (8) 

2 2 2 2 

If p x , . . . . , p„_ 2 are coordinate lines of curvature we must have 
da t dqn-2 'dan-**. dq { d(3 t dqn-2 da.n-2 dp, 

=°> 37--^-^ ai-=°> ( 9 ) 



dp* dp* 3p* 3p* ' 3p* 3p ft 3p* 3p A 
which may be written 

A=l 2 ^= 2 

3p7-^3p7' apT-^apT' ^ =1>2j *=? ■• (10) 

to which must also be added the n — 2 conditions 



) 



£<*£«$]■ 



Expressing the conditions for the integrability of (10) we obtain the following 

system ot j 

by the a's and /3's : 



system of —■ ~ partial differential equations which must be satisfied 



a _ x ) _9 2 i_ + 9^il_3vil =0 (12) 

v * v} dp k dp k , dp k , dp k dp k dp k , 
In the same way, expressing the condition for the integrability of (11) we are 
led to the system of ^ equations : 

V \?2l ^i4-M.Mi_^l^i_^i Mil =0 
^A. 3p r 3p fc dp k , dp k dp k dp k , dp k dp k ,l 

which by means of (10) may be reduced to the following: 

(V-MSl"!* TT- + TT l^l =0 - (13) 

^Ldpy dp k dp k dp* J 
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Assuming that \ =f= \, for all values of k and Jc' * these conditions are 

Vr^Mij.^iMil = 0. (14) 

^A-d^, dp k dp k dp* J 

If, therefore, the lines pi , p 2 , • • • • , p„-2 are coordinate lines of curvature on 
M n _ 2 , the functions a { and f$ t must satisfy the conditions (12) and (13'). 
These conditions being satisfied, we shall show that F is also a solution of 
(12). We have from (11), 

d*F ==v 3p i 8« i v 8g<8ft v d\ v 3»ft 

a P ,,a P , ^ d Pi , a Pfc ~^a Ps , a P , ~^ Pi a Pt 8 Pt . i ~^ g « dp*a P *, 

=a. Vf a<x * 9 A i ggj 3^,y- d 2 "» ■ y^ d 2 A 

*' ^a Pi a Pfc , + d 9h d ?k ,r2-* Vi d Pk d Pk , + ^* d 9k d 9k , ' 

' hence 

^"^ a P ^ + ^ap7"^^-^ ( ^~ V) ^^^ + ^^; 

** L Ojjfcdpjt, dp r dp*, dp* dp*d 

4mi L dpj.dp ft , dp ft , dp k dp k dp k ,J 

Now, if the condition of integrability (12) and (14) are satisfied, the right 
side of this equation vanishes identically; hence F is a solution of (12) q.e.d. 
It may be worth while to note that the system (12) is also satisfied by the 
function 2a(/3< , a< and /? f being a set of particular solutions. We have then 
the following: 

Theorem I. If on a surface (6) the lines of curvature are coordinate 
lines, the curvilinear coordinates a i7 (3 t must satisfy the system of differential 
equations, 

{K ^a^+^fy 8pTa^- ' (12) 

and also the ^ relations 

2(|?s lA + ^l&W (14) 

^vdpt d pr dp*, dp fc / 

♦This amounts to assuming that the surface (6) is an n — 2-spread. If \ k =\ k ' for all values of 
k and k', the surface is one-dimensional or a curve. 
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We shall transform the coordinates a { and (3 t putting 

oi+A=2yi, ^+^ 2 = 2y s , , a.n-2+P»-2=2y n _ s , 

2 2 f- (16) 

t(«i— Pi)—2yz, *(a2— &)= 2 y«i ,l(0.n-2—(3n-2)=2y n _ 2 . j 

2 2 J 

The equations (10) now become 

and the new coordinates t/< are still solutions of (12). The conditions (14) 
are 

2|^|^,=°, ft,ft' = l,2, ....,n-2, &=££'• (18) 

We write (12) in the form 

1 7\TJ. Plft 1 377.. 3fl. 

=0, (19) 



(20) 



d 2 e 1_^E±^L i ag» ag t 

3p*3p*' Sj. apj, apt B r d 9k 3p 4 , 
where the ff's are defined by the equations 

d^k _ /« \ 1 3-H* 

— __ ( ^-^)-g- ^ , 

— — ^A fc Aj>; „ -s— . 

op* #** op* 

n 2 . % 3 

Observing that (18) expresses the '■= conditions that the y's, con- 
sidered as functions of the p's, shall form a completely orthogonal system in 
#„_ 2 , w e put 

dy\ + dyl+ .... + dyl_ 2 =H\d 9 \+H\d 9 \ + .... + Hl_ 2 d 9 U (21) 

ft ., 2 * ^? H • *m 4 

where H x , . . . .,H n _ 2 satisfy the conditions (Darboux, loc. cit., 

p. 165). 

3 2 S,„ 1 3ff t 3H t .. 1 dH k ,dH k „ 
hAU ^' ) --d 9 ~ k d^--H h df k , d Pk ' T k , d ?k d 9k , - U> {ZZ) 

«— 2 such functions being found, the functions a* may be found by integrating 
the system (20) ; p if q t and F are then determined by quadratures from (17) 
and (11). The systems (20), which determine the X's, are equivalent to a 
single system 

d-k k _ i dH k 

which admits of one and only one set of solutions a x . . . . X n _ 2 , such that 
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\=f k {p k ) for p k =pl where p k is an initial value of p k (Darboux, loc. cit., p. 350). 
We have then 

Theorem II. The determination of a surface in S n _ x on which the lines 
of curvature are coordinate lines depends on the determination of a completely 
orthogonal system in a space S n _ 2 of one dimension less. Such a system being 
given the corresponding surface is found by integrating the system 

op* &k opv 

and by quadratures. 

The first part of this theorem has been proved by Darboux * by a different 
method, starting with the generalized Olinde Bodrigue's formulae for w-space. 
The method used bere will be of advantage in the transformation to the 

space S n _ 2 . 

Instead of determining a system of A/s from (20'), we may take any solu- 
tion whatever of (19). Let © be such a solution; then putting F=0 we have 
at once a surface on which the p's are coordinate lines of curvature. In case a 
general solution of (19) can be found, and such solution always exists since 
the conditions (22) are satisfied, we obtain all the surfaces having the same 
spherical representation of the lines of curvature. 

Applications. 
§3. Let £^=1. Then -^=0, or, X k — <p' k '(p k ). Equations (19) are now 

"Pic 

" 0, (23) 



dp*9p*' 
the general solution of which is 

fy being a function of p t alone. Taking as particular solutions of (23) the 
n— 2 independent functions «/ i =p i we have by integrating the system (17), 

Qi+Pi^^i-i , Hat- Pt) =2<p2i, i=l,2, ...., ^~- , 

and integrating (11) we find 

F=2 l 2<p i +2c, 
i 

* Darboux, loc. cit., pp. 178-182. 
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which shows that F is a general solution of (23). The tangential equation of 
the surface is, therefore, 

2p 1 Z 1 +2p»X 1 + . . . . + (l-2pJ)Z^ 1 +22^H-2c=0. (24) 

Substituting the values of the a's in terms of the p's in (6) we have the surface 

Z 2 i_l= 4 ) 2i-l + P2i-lZ n _i , -X 2i = <?>ai + P2tZ n _ 1 , 

Y _ 2S<?4-iP2i-i+ 22<ft 2 ,p 2i — 22<fo— 2c 



t = l, 2, ...., 



»— 2 



(25) 



These equations show that the surfaces have their lines of curvature plane in 
all the n — 2 systems. The spherical representation of these lines are circles 
passing through the point x 1 =x i = .... =oc n _ 2l =0, x n _ x = l, as readily appears 
from (24). The focal surface has n — 2 sheets, viz.: 

J;=p<tf-#, J;_ 1= Jt^#+2 Pj #-2fc-c, i,k=l,2,....,n-2, 

where the subscript k indicates the individual sheet.* 

£_i_2 k 2 k 

As a particular case let us put <fc>i-i= pli-i , 4> 2 ,= — j— pl< , c= -j- . 

Substituting in (24) and differentiating with respect to pi, p 2 . . . .p n _ 2 in suc- 
cession, we have 

2X 2t ._ 1 -2p 2i _ 1 X B _ 1 =-(& + 2)p 2i _ 1 , 2X 2< -2p 2i X B _ 1 = -(fc-2)p 2i . (27) 
Eliminating the p's from (24) and (27) we have the cubic surface 

n— 2 m-2 

2X„ 1 i'x?-(*-2) | X|_ 1 -<*+2) 1 X},-kXU 

+ ^X,_ l+ ^iI=0, (270 
a special kind of cyclide which we shall study later on. 

♦The equation of the focal surface may be obtained from equations (19) A, p. 207, by introducing 
the variables y, instead of the a's and /3's. We obtain the following : 

2/f<r* Pi T _1— 22A 2 , 1 _ F 

~z ¥' n - 1— i <r * + "2 



x<- 



where <r k is a root of the equation 



Pll IT Pl2 Pln-3 

P21 2>22 <T P21I-2 

Pn-21 P«-23 Pn-M-: — <r 



(26) 
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Let H be of the form -r- , h being a function of the p's. Darboux has 

shown * that h must be of the form 

o(pi+p!+ +pl-s) +2a 1 p 1 +2a 2 p 2 + +a„-2p„- 2 +&, 

where the coefficients satisfy the relation 2af =afe. The coordinates y { expressed 
in terms of the p's are : 

4- — o I g "~ 2 

*= — ^A • • • •,*/»_*= j~ ■ (28) 

The differential equations for determining the X's are 

8A t _ 2(a, t — M(ap*' + ay) 
3p»« " h 

the general integral of which is 

&»=*#'— 22 #• (opi + a,) + 2a 2 ^; 

i i 

integrating the systems (17) and (19) we find that F is of the form F— -, , 

h 

a result which might also have been obtained by integrating the system of 

differential equations 

3*0 2(ap k ,+a kl ) d$ | 2(ap k +a k ) 36 =Q 

dp k dp k , h dp k h 3p k , ' 

of which the y's are particular solutions. The tangential equation of the 
surface is 

2(p 1+ _^)x 1 +2(p 2 + ~)X 2 + .... +(h- i)z_ 1 +22^=0, (24') 

from which it appears that no new surfaces are obtained, since (24) may be 
transformed into (24') by taking as new p's linear functions of the old such 
that Pi= — (ap'i + ai). It may also be observed that the equations (28) define 
an inversion in the space S n _ 2 . 

§ 4. Surfaces whose Lines of Curvature are Plane in all Systems. 

The surfaces thus far obtained are not the only ones having their lines of 
curvature plane in all the n — 2 systems. The spherical representation of the 
lines of curvature of such surfaces must consist of an n— 2-fold orthogonal 
system of circles on the sphere. The orthogonal system corresponding to the 
lines of curvature on the surface (23) is a special one, the circles lying in n— 2 

* Darboux, loc. nit., pp. 166-168. 
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systems of planes which meet at x 1 = x 2 = . . . . =x n _ 2 = 0, x n _ 1 =l and all the 
circles of any one system being tangent to each other at this point. The n — 2 
lines of intersection of the planes of the n — 2 systems are parallel to the 
coordinate axes x x , x 2 , . . . ., x n _ 2 and perpendicular to the x n _ t axis. We may 
obtain a general system in the following manner : We pass an n — r-fold system 
of (r — 1) -flats through a point on the aj„_ r axis at a distance from the origin = a, 
all the flats of the system having as common axis the flat % 1 = % z = .... =x n _ r =0, 
x n _ 1 =a. We also pass an r — 2-fold system of (n — r+l)-flats through a point 

on the a; n _ r axis at a distance — from the origin, the common axis being the 

CI 

flat x n _ r+1 =x n _ r+2 — .... =£ n _ 2 = 0, #„_!= — . We shall prove that these two 

CI 

systems of flats will determine on the sphere an n — 2-fold orthogonal system 
of circles. This proposition is an extension to w-space of an analogous one 
for 3-space. If a = l we get the spherical representation of lines of curvature 
of the surfaces (24), and for a=0 the system is analogous to that of meridians 
and circles of latitude on a sphere in 3-space. 

We express the coordinates x ( of the sphere in terms of the curvilinear 
coordinates 0* as follows : 



x-,= 



Xo 



x„ 



x, 



n-r+1 " 



<"«— 2 ■ 



VI- 


• a 2 sin 0„_ 2 sin 0„_ r .... sin 2 sin a 


1+a sin d n _ 2 cos„_ r 


Vl- 


- a 2 sin 6„_ 2 sin n _ r .... sin 2 cos a 


1 + a sin 0„_ 2 cos d n _ r 




vr=^ 


a 2 sin 0„_ 2 sin 0„_ r cos 0„_ r _ 1 


Vi- 


1 + a sin d n _ 2 cos n _ r ' 
a 2 cos 0„_ 2 cos 0„_ r+1 cos 0„_3 


1 + a sin 0„_ 2 cos ra _ f ' 



Vl — a 2 cos 0„_ 2 sin n _ r+1 
1 + a sin 0„_ 2 cos n _ r : 



x. 



n-l" 



a+ cos n _ r sin n _. 
1 + a sin n _ 2 cos n _ 



(29) 



from which it is easily verified that 2«f = 1. In order to prove that the system 
is orthogonal we need only calculate the linear element da. A rather long, 
but not inherently difficult calculation will show that this element is 

d<; i =E 1 d6 2 +E 2 d6i+ .... +E n _M-r+E n - r+l d6l_ r+1 

+ .... +E n _ 3 ddU+E n _ 2 d$i_ 2 , (30) 
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where the E's have the following values : 

_ (1 — a 2 ) sin 2 n _ 2 sin 2 B _ r . . . . sin 2 a 

E 2 -. 
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(l + asin0 B _ 2 cos0 B _ r ) 2 
(1— a 2 ) sin 2 B _ 2 sin 2 n _ r . . . . sin 2 3 



E. 



E„-r+2 — 



(l + asin0 B _ 2 eos0 n _ r ) 2 ' 

> 

(1— a 2 ) sin 2 B _ 2 
(l+asin0 B _ 2 cos0 n _ r ) 2 ' n ~ r+1 

(1— a 2 ) cos 2 n _ 2 cos 2 0„_ r+1 



(1-a 2 ) cos 2 B _ 



(l+asin0 n _ 2 cos0„_ r ) 2 ' 



+? ' ' (l + asin0 n _ 2 cos„_ r ) 2 ' 

(1— a 2 ) cos 2 B _ 2 cos 2 0„_ r+1 cos 2 n _ 4 



E n -*= 



E»-2 = 



(l+asin0„_ 2 cos„_ r ) 5 
(l-o 2 ) 



(1+a sin 0„_ 2 cos 0„_ r ) i 



(31) 



That the curves 4 are circles appears from the following systems of equations 
deduced from (29) : 

1 sin 0„_ r .... sin 2 sin X 



oc,= 



Vl — a 2 



COS0„ 



(#„_!— a), 



1 sin n _ r cos n _ r _i 



(«„_!— a), 



x 



n—r+l ' 



Vl— a 2 cos0 B _ r 
a cos B _ 2 cos n _ P+1 c os B _ 3 / 1 \ 



X, 



n— 2" 



a cos B _ 2 sin n _ 

VT^ 2 



•r+1 



(*-*- t)' 



(32) 



and that the geometrical construction given at the beginning of this section is 
correct appears at once from these equations. 

Since the coordinates y i in terms of the x's are given by the formulae : 



Vi = 



we have 



x. 



l+*_i' 



2/n— 2 ; 



X. 



n-2 



%,= 



2yi 



!+»,_! ' * 1+22/1'"' 



l_2t/? 
•'^-^I+^f' (33) 
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yi- 



Vl — a 2 sin 0„_ 2 sin n _ r .... sin 2 sin 0! 



l + o 



1 + cos M _ r sin 0„ 



_ Vl — o 2 sin 0„_ 2 sin 0„_ r .... cos X 
^ 2 ~ l + o l+cos0 n _ r sin0„_ 2 ' 



yn—r — 
2/»— r+l — 



Vl — a 2 sin 0„_ 2 sin 0„_ r cos 0„_ r _ 



1 + a 1 + cos re _ r sin 0„_ 2 f 

Vl— a 2 cos 6„_ 2 cos TC _ r+ i cos 0„_3 

l+o 1 + cos n _ r sin 0„_ 2 ! 



Vl — o 2 cos 0„_ 2 sin 0„_ 



•r+l 



l+o 1 + cos n _ r sin 0„_ 2 ' 
1 _ v w 2 = 2(o+cos0 B _ r sin0 n _ 2 ) 

y (l + o)(l + cos0„_ r sin0 n _ 2 )' 
2 _ ( o + 1 ) ( 1 + cos 0„_ r sin 0„_ 2 ) 
l+2y 2 l+acos0 n _ r sin0„_ 2 

The coordinates y ( satisfy the following system of 
equations : 



(34) 



n — 2 • n — 3 ,. 



differential 



a 2 <?> 



30*30*, 
3 2 $ 



cot 0* 



3<ft 

30, 



= 0, (Aj, k' = l, 2, ....,» — r— 1), 



tan0 fc ,-g^- =0, (&, &' = rc— r+l, , «— r), 



30fc30 fc r l/Vi 

3 2 <£> cot 0„_ r + esc 0„_ r sin 0„_ 2 3$ 



30 fc 30„_ r 1 + cos 0„_ r sin 0„_ 2 30, 



=0, (&=1,2, ....,n-r- 1), 



3 2 <j> 



30,30,, 

a 2 ?> 



=o, 



+ 



A =1, 2, . . . ., w — r — 1 

Jc'=n—r+l, . . . ., n—3J ' 
cot n _ 2 d<p 



30*30„_ r l+cos0 B _,.sin0 n _ 2 30* 



0, (*=»— r+l, ,n— 3), 



3 2 4> cot0 n _ 2 3$ _ w _r-«-n 

3^30„_ 2 1+ cos0 fl _,sin0 n _ 2 de' k ' l ' z ' • • • •' f/ r+1 >' 



3 2 $> tan 0„_ 2 + cos 0„_ r sec 0„_ 2 3$ 



30/fc30„- 2 



1 + co s 0„ _ r sin 0„_ 2 30 
sin 0„_ 2 sin 0„_ r 3$ cot 0„_ 2 



=0, (k=n— r + l, ,n— 3), 

3$ 



30„_ r 30 n _ 2 1 + cos„_ r sin M _ 2 30„_ 2 1 + cos n _, sin 0„_ 2 30„_ r ' 
The general solution of this system is 

s^V^i+s*/ 2 ) 



:0. k^k'. 



(35) 



F= 



1 + cos 0„_ r sin 0„_ 



(36) 
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where <P { is a function of 0,- alone and the E's have the values given in (31). 
The surface is therefore the envelope of the flats 

2y 1 X 1 + 2y 2 X 2 + .... + 2y n _ r X n _ r +2y n _ r+1 X n _ T+1 + .... 

+ (l-Xy 2 i )X n _ 1 =(l+Xf i )^ i VE i . (37) 

For any constant value of r all the surfaces obtained by putting for <P t arbi- 
trary functions of 0,- have the same spherical representation of their lines of 
curvature. Since r can have any value from 3 to n — 1 there will be n — 3 
different types. To these types must also be added the type (24) correspond- 
ing to a = l obtained in §3, viz.: 

2p 1 X 1 +2p 2 X 2 + .... + 2p n _ r X n _ r + .... + (l-^)X._ 1 + 22* i +2c = 0. (24) 

The surfaces (37) may be considered as the envelope of the radical flats 
of the two spheres : 

2 

i 



2 X 2 +2cot0 B _ 2 cos0„_ r+1 cos0 B _ 3 X B _ r+1 + 



+ 2 cot B _ 2 sin n _ r+1 X n _ 2 + 



2acsc0„. 



: X n _ 1 = 2tI>„_ 2 csc0 B _ 2 



+ 23>„_ s cot0 n _ 2 cos0„_ 4 + +2<t> n _ r+2 cot0„_ 2 cos0 n _ r+1 

+23> n _ r+1 cot0 n _ 2 +C, 

m-1 

2 X 2 — 2 sin B _ r . ... sin 0iX x — .... —2 sin 0„_ r cos 0„_ r+1 X„_ r 

— , ,— — i X n -i = — 2<fr B _ r — 2<fr„_ f _ 1 sin 0„_,.— 

VI — a 2 

— 2<t>! sin 0„_ r .... sin 2 + C, 
the centres of which lie respectively on the hyperboloid of revolution 

Y 2 



(38) 



X„_ r+ i + X„_ r+2 +....+ X n _ 



and on the ellipsoid 



:-l, X i= 0, t = l,2,....,«-r, (39) 



1-a 2 



n-r Y 2 

i J- 



X 



n—r+1 " 



:0, 



, , x„ 



= 0. 



(40) 



1-a 2 

These quadrics are focal, the vertex of one passing through the focus of the 
other. They are, moreover, perpendicular to each other, having the X„_ r axis 
in common.* 



*The two spaces in which the quadrics are immersed exhibit the maximum of perpendicularity 

r 2 

expressed by the fraction =• ; See Schoute, Mehrdimensionale Geometrie, 1. Theil, p. 49. 
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The surfaces (24) may also be considered as the envelope of the two 
spheres 

a) ZXf+4piX 1 + .... +4p n _ r X„_ r + (l-2Yp?)X, l _ 1 

= — 4fr— . . . .— 4:<p n _ r +C-2c, 

n— 2 

b) 2X 2 — 4p n _ r+1 X„_ r+1 — — 4p n _ 2 X„_ 2 — (1— 2 2 pf)-X«-i 

' n-r+l 

= 4fc,_+i + .... + 4<J> n _ 2 + C + 2c, 
the centres of which lie on the paraboloids 



(41) 



V Y 2 

2X_ 1 =2-^ I - < , X,=0; (i = n-r+l,....,«-2), 

B— 2 

2 X 2 , 
2X„_ 1 = 2--?^— , X,=0; (»=1,2, ....,n-r). 



(42) 



§ 5. Tfte Generalized TJupin Cyclides in $ n _ x 



ka 



If in (37) we put ^ 1 =<P i =^ s = =4> re _ r _ 1 =0, <&„_,= 1— ; .- ■ cos d n _ r , 

VI— a 2 

j , and then derive the envelope 



k 



* n _ r+1 =4>„_ f+2 = .... =<D B _3 = 0, $„_ 2 = - yj^j. 

of the resulting flat in the usual way we get the surface in the following 
parametric form: 



Xi= 
X 2 = 

Y 

-t*~n — r 
■X-n—r+1 = 

X„,_o = 



sin0„_ r sinflgSinfl^l — fcVl — a 2 sinQ„_ 2 ) 

l + asin0 M _ 2 cos0„_ r ' 

sin9„_ f sinO 2 cos0 a (l— k Vl — a 2 sin 0„_ 2 ) 

l + asin0„_ 2 cos0„_,. ' 

> 

sin 6 n _ r cos B _ f _! (1— k Vl — a 2 sin m _ 2 ) 
1 + a sin 0„_ 2 cos 6 n _ r 

— cos 0„_ 2 cos fl M _ f+1 cos0 n _ 4 (acos9„_ f + /l:Vl — a 2 ) 

1 + a sin n _ 2 cos n _ r 



cos Q„_ 2 sin n _ r+1 (a cos 6 n _ r +kVl — a 2 ) 



1-2 1 + a sin 0„_ 2 cos n _ r 

Vr^a 2 acos^+fcVl — a 2 fe 
** " _1— a ' l + asin0 n _ 2 cos9 B _ r a ' 

Eliminating the parameters d { we obtain the quartic surface 



(43) 



(1-a 2 ) [ 2 A1-fc 2 -l] 2 =4[a 2 (x n _ x + 2)-(l-a 2 ) (JS* X 2 )], (44) 
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which, as we shall prove, is a generalization of the Dupin cyclide of ordinary 
space. The focal sheets of the surface are given by the formulae 

•^i =: X i -\-R k x i , 

where R k are the n — 2 principal radii of curvature calculated from the equa- 
tions of Olinde Eodrigue : 



ax, 

3e k 



+R k 



dx 



i = 1, 2, . . . ., n — 1 
k = l, 2, . ..., w— 2]' 



where x t have the values given in (29). Although a general surface (37) will 
have n — 2 different focal sheets, in the case of the surface (43) it is foimd 
that only two focal sheets exist, viz., 



a) XI+XI+ . . . . +X 2 _,+ 



b) X n _ r+1 -\-X n _ r+2 -\~ . . . . + X„. 



-^=L=1, X i= 0, i= n -r + l,.. 


. .,n-2, 
. .,ii— r, 


1— a 2 

■XU--^-=-l, X,=0, 

i 1 '•> 


1-^a 2 t-l,-, .. 



(45) 



a pair of focal quadrics, of which one is an ellipsoid immersed in the space 
X n _ r+1 =X n _ r+2 — .... =X„_ 2 = 0, and the other a hyperboloid immersed in the 
space X 1 =X 2 = .... =X„_,.=0. If in (38) we put 4> 1 =$ 2 = • • ■ • =<& n - r -i=0, 

cos $„_,. , <J>„_ r+1 = = 4V_3 = 0, <$> n _ 2 



* =1 — 



Vl — a 2 



vr^ 



and 



C=l-f & 2 , we have the two spheres, 
a) 2X 2 + 2 cot 0„_ 2 cos 0„_ r+1 cos 0„_ 3 X„_ r+1 + 



+ 2cote„_ 2 sinfl n _ f+1 X„_ 2 + '^ l_/ X„_ x = l + fc 2 — - — — o csce n _ 2; 



Vl — a 



b) 2X 2 — 2sin0„_ sin^— . 

2 cos ft 



vri^-^+^-vr.:.,, 



2sinft„_ r cos0, 1 _,. +1 X„_,. 
cos 0„ J , 



ah 



(46) 



the radii R x and i? 2 of which are 



from which we derive 



Ri + R _ ± [ C ° S ^+^ s4 ---]=i). 



(47) 
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Hence, the surface (43) is the envelope of two sets of spheres that touch, and 
whose centres lie respectively on the ellipsoid (45a) and hyperboloid (45b). 
The surface is thus a generalization of the Dupin cyclide in ordinary space. 
If k varies we get parallel cyclides as appears from (47). 

If we give to r in (43) the successive values 3, 4, . . . ., n — 1 we obtain 
n — 3 different types of cyclides.*' Thus, if n—Z the focal hyperboloid becomes 
a hyperbola lying in the plane X 1 =X i = ■ .... =rX„_ 3 = 0, while the ellipsoid is 
n — 3 dimensional and is immersed in the space X n _ 2 =0. If S n _i is an odd 

space, and r= , the focal quadrics are of the same dimension = — ^— , and 

the equation of the corresponding cyclide is 

(1— a 2 ) [2X 2 — k 2 — l] 2 

=4 [a 2 (X n _ a + A)-(l_o2) (Xl+XU 2 + .... +X 2 _ 2 )]. (48) 



§6. We shall next discuss the type of cyclides for which o = l. In (24) we 
put &= —— pf, i=l, 2, ,n— r, $ n _ r+k = —r- p 2 _r+*, k = l,2, , r— 2, 



(49) 



k 
c — -t-, and obtain the surface in the following parametric form : 

2X,-2p<X m _ 1 + (& + 2)p i= 0, i = l, 2, . . . ., n-r, 
2X n _ r+k -2p n _ r+k X n _ 1 + (&-2)p K _ r+ ,=0, k = l, 2, .... , r-2, 
k+2%' 2 k-2 «- 2 2 k 

Y *> \ & n-r+1 o 

"- x ~ 1+Spl ' 

or, in Cartesian form, 

2X n _ 1 ( 2 Xf + —£-)- (k-2) 2 X? 

»-2 J-fi- 2 4\ 

-(* + 2) 2 Xl-kXU+ KK \ *' =0. (49') 

n-r+1 * 



n A-2 n A- 2 

♦The types for which r> — ^— do not differ essentially from those for which /*< — - — ; the 

focal ellipsoid and hyperboloid merely interchange. We need therefore consider only the surfaces of 
type *■ < — o— • 
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The two sets of spheres (41) are, putting C = 



4 ' 



2 jq+4 pi X a + .... +4p n _,.X M _ r + (1-2 2 pf) AV X 



n— r Z-2 



.(fc + 2)2pf+ T -y 



n-l m-2 

2 X| — 4p n _ r+1 X„_ r+1 — .... — 4p„_ 3 X M _ 3 — (1 — 2 2 ^i)^K. n ~i 

1 n— r+l 

n-2 £2 I. 

= (*-2) 2 p!+^ + -£, 

»j— r+l * ^ 

and the radii are, respectively : 

B a =±i(l+2 2'p?-/b), R 2 =±i(l + 2 "2 pf+fc). 



(50) 



(51) 



n-2 



. • . R 1 -\-R 2t = ± (1+ 2 pf ) = Distance between the centres. 



Hence, the cyclide of the third order is the envelope of two sets of spheres 
that touch, and ivhose centres lie respectively on two focal paraboloids of 
revolution whose equations are 



«— 2 

4X K _ 1 +2= 2 X iy X 1 =X i =X n _ r =0, 

n~ r+l 
n—r 
4X„_ 1 2 = 2 X t , X n _ r+1 



-^-n—r+2 — .... — A, 



:0. 



(52) 



If r = 3, one paraboloid is one-dimensional, i. e., a parabola, while the other is 



of dimension n— 3. If S n _ x is an odd space and r 



n + 2 



, both paraboloids 



n 



are of the same dimension, viz. : — . All the cyclides obtained by putting 

r=3, . . . ., n — \ in succession in (49) have the same spherical representation, 
while in the case of the hyperbolic-elliptic types we get a different orthogonal 
system of circles on the Gaussian sphere for each value of r* If k varies we 
have a system of parallel cyclides as before. 

*Schoute in his Mehrdimensionale Geometrie, II. Theil, pp. 316-320, has by a synthetic method bor- 
rowed from 3-space, derived the type for which r —n — 1, i. e., where the focal quadrics are an ellipse and a 
hyperboloid of revolution of to — 3 dimensions. That this method leads to the TO-dimensional generaliza- 
tion of Dupin's cyclide in the sense that we get all such cyclides is, however, not true, although the 
opposite might be inferred from the author's statement. On p. 320 the author mentions the existence of 
two families of spheres of the general nature considered above, but does not consider their envelope. The 
author's reference to a short article in Verslagen der Akademie von Amsterdam, vom Pebruar 1905,1 have 
not been able to look up. 

3 
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§ 7. Some Geometrical Properties of the Cyclides in General Space. 

The loci on the cyclide where the radii of the two sets of spheres equal 
zero will be spreads of double points on the surface. We obtain these point- 
spheres by equating B x and R 2 to zero giving 

fc 

csc0 M _ 2 =&Vl — a 2 , cos $„_,.= — — Vl — a 2 . 

Substituting the values of cot 6 n _ 2 and esc 6 n _ 2 in (43) and eliminating the 
remaining parameters $ { , we get an r — 3-dimensional sphere whose equations 

Xl =X 2 =....=X n _ r =0, 2* Zf=*«(l-a 2 )-l, X n ^ = ka, (53) 

n—r+l 

all the points of which must be considered as centres of null-spheres. Again, 
substituting the values of cos 6 n _ r and sin $ n _ r in (43) we get a second locus of 
double points, viz. : 

n-r ^i /k 2 (l a 2 ) k 

2a { = ~2 , A B _ r+ i = A B _ r+2 = . . . . = : A n _2 = U, A„_ 1 = , (54) 

i a a 

(53) lies on the focal hyperboloid H r _ 2 and (54) on the focal ellipsoid E n _ r . 
We shall denote these spheres by 2 r _ 3 and 2„_ r _i, and the two systems of 
spheres by S h and S e , the spheres S h having their centres on H r _ 2 , and the 
spheres S e on E n _ r . Since all the point-spheres having their centres on 2 r _ 3 
are tangents to all the spheres S h , their centres must belong to these spheres, 
hence all the spheres S h pass through the locus 2 r _ 3 ; similarly all spheres S e 
pass through the locus 2 n _ r+1 . We may therefore say that the quartic cyclides 
in $„_! is the envelope of spheres having their centres on the ellipsoid E n _ r and 
passing through the sphere-locus 2 r _ s on H r _ 2 ; or, it is the envelope of spheres 
having their centres on the hyperboloid H,._ 2 an d passing through the sphere- 
locus 2 n _,._i on the ellipsoid E n _ r . 
Consider the flat 

u 1 X 1 +u 2 X 2 + +u n _ 1 X n _ 1 + p~0 ; (55) 

the condition that it shall be tangent to H r _ 2 and E n _ r are 

n-r 1 b-2 „2 

2 ^+l — l5 M 5-i = P a , — 2 u 2 i+-r— - 2 u 2 n _ 1 = p 2 , (56) 

1 1 a n-r+l J- — a 

n-1 

from which it follows that we must have 2 u 2 = 0, which means that the fat is 

i 

isotropic. Introducing in (55) the parameters 

% = 2pi, , M„_3 = 2p n _ 3 , u n _ 2 =l— 2pf, u n _ 1 =i(l + ^p 2 ), 
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we obtain the co M_8 flats 

2 Pl X 1 +2p B Z,+ . . . . + (l-2p?)X„_ 2 +i(l+2p?)X M _ 1 +p=0. (57) 

where p has the value 

The equations of the " developable " surface obtained by letting the p's vary 
are as follows : 

-2ipi Y 2a 2 fo 

l+2p 2 n - li_ p(l-a 2 ) 



*<= -^7^-^-1+ »/i „«x> (i = l,2,....,»-r), 



i(l-Spj) , l-Spf 

A *-»- i+2p? "- 1+ p(l-a 2 )* 



(58) 



In a former paper* we have studied isotropic complexes of which (58) is 
a special case. Since the complex contains co n ~ 3 isotropic lines we shall denote 
it by the symbol A n _ 8 . By a theorem proved in A. I., p. 207, we know that it 
has a focal surface which is the envelope of the co"~ 4 isotropic 2-spreads con- 
tained in it, and that this focal surface has in general n— 3 sheets. The edges 
of regression on the surface are minimal curves satisfying a certain system of 
differential equations. In the special case of (58) it may be proved that there 
are only three sheets; in fact, the determinant equation (13), p. 205, 1. c, which 
determines the number of .sheets, reduces to the simple form 



(cr— A) n - r - l (a— B) r ~' 
where 



n— r 
2 V «2 



16a 2 2 p 2 
~ A ~p s (l-a 2 ) 



:0, (59) 



A= ± 2(1 + Sp 2 ) B ^ z^jl+M . 
p p(l—a z ) ' p(l—a?) 

Substituting the values of a in equations (60), footnote, we obtain the three 
focal sheets, two of which are seen to be precisely the focal quadrics H r _ s and 

* A, §§ 1-5 where the formulae developed are true for any space, even or odd, if instead of the 
parameters a ( and /3 4 we use p 4 (see II, §1, of this paper). The equation determining the focal sheets 
becomes the equation (26), note, when written of order n — 3. The equations of the focal sheets take the 



form : 

Y Pick P v 1— 2p»i 1 p "} 

(60) 



y PWk P v 1— 2p»| , 1 P 

t -.T HV 1 -„ , Pl fi = l,2,....,n-8-l 

*«-*-* |_ — »--2*P>P*+ 2 J' |fc=l,2,3 J" 
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E n _ r . The surface of reference of A„_ 3 is the imaginary ellipsoid in the space 
X.-i=0: 

^ a) SXf+(l-a 2 ) 2 X 2 .+1=0, X n ^ = (61) 

Oi i a— r— 1 

obtained by putting .X n _i = in (58). "We have thus proved the 

Theoeem. The tangent n—2-flats common to the two focal quadrics H r _ 3 
and E n _ r generate an isotropic complex A n _ 3 which has H n _ 3 and E n _ r for 
two of its three focal sheets and the imaginary quadric (61) for surface of 
reference. 

We shall now return to the study of the quartic cy elide (44). Any 
straight line BA joining a point A on 2 r _ 4 to a point B on 2 n _,._ 1 is an isotropic 
line. In fact, from (53) and (54) we find that the distance is: 

D = ^k*(l-a*)-l+ a 2 -^ 1 -'* 2 ) + jfc«( o _i.y =0 . 

The ao"~ 4 isotropic lines generate a locus D n _ 4 which is the intersection of the 
quadric cylinders 

l x '= T?£^y [x.-.+«*i ! . ,1>= -V0JY [*-,+ 4]= -* (62 » 

n—r n— 2 

If we substitute the values of 2 Xf and 2 XJ from these equations in (44) 

1 n—r+l 

we find that it is identically satisfied, hence the oo"~ 4 isotropic lines AB lie on 
the cyclide. But they also belong to the isotropic complex A n _ s , hence 

Theoeem. The quartic cyclides in S n _ 1 is inscribed in the isotropic com- 
plex A„_ 3 , the locus of contact being the intersection of two quadric cylinders 
(62). 

Since the lines AB are lines of contact between the point-spheres on 2 r _ 4 
and 2 n _ r _i and the cyclides, they are lines of curvature. 

Consider any two points A and B on 2 r _ 3 and 2„_,_i . The two tangent 
flats to H r _ 2 and E n _ r at A and B respectively intersect the X M _ r axis in a point 
C whose coordinates are : 

x x =x 2 = .... =x n _ 2 =o, x_ l = k{1 _ ai) ■ 

The sphere having its centre at this point and radius equal to CB (or CA) is 

[1— >t 2 (l— a 2 )][« 2 — 7^(1— a 2 )J 

, (63) 



2X1+13,-1+ M1 l a2) J- 



7c 2 (1— a 2 ) 



2\2 



*r, and r 2 in these equations are the radii of the spheres (53) and (54). 
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which, as is easily seen from equations (53) and (54), contains the loci of 
double points 2 r _ 3 and 2„_ r _i. But the isotropic line BA is normal to the 
radius CB (or GA), and, since it is isotropic, it must lie on the sphere. Hence, 
the sphere (64) is tangent to the cyclide along the qo" -1 isotropic lines AB. 
We shall call this sphere the principal sphere * 

The point-spheres on 2 r _ g intersect the space in which is immersed the focal 
hyperboloid H r _ 2 in an r — 2-dimensional sphere K r _ 2 whose equations are : 

"X ZJ+ (X„_ 1+ 'A) 2 = V(l-ap-a* f x _ 0? . =h ^ ^ n _ ? . (g4) 

which is tangent to H r _ 2 along 2 r _ 3 . In the same way, the point-spheres 
having their centres on 2 a _ r _i , intersect the space in which is immersed the 
focal ellipsoid E n _ r in a sphere K „_,. of n — r dimensions whose equations are : 

¥l^4-(X„_i + ^) 2 =l- tf(l— a 2 ), X,.=0, i=n— r+1, ...,,«— 2, (65) 

i 

and this sphere is tangent to the focal ellipsoid E n _ r along 2 n _ r _! . The proof 
being very simple need not be given here. We shall call the spheres K r _ t and 
K n _ r the focal loci of the cyclide.* The focal loci are normal to the principal 
sphere as may easily be proved from equations (63), (64) and (65). 

We have seen that all the spheres 8 e having their centres on the focal 
ellipsoid E n _ r pass through 2 r _ 3 and that all the spheres 8 h having their centres 
on JEf r _ 2 pass through 2„_ r _ a . Consider now a cone with vertex at any point A 
on 2 r _ 3 and passing through the ellipsoid E n _ r . This cone is a cone of revo- 
lution whose axis is a tangent to the hyperboloid at A, which, as we have seen, 
passes through the centre G of the principal sphere. In fact, we prove that 
the radii of the spheres S e which meet at A, make a constant angle with this 
tangent. The direction-cosines of any line PA, where P is any point on E n _ r , 
are: _ _ 

PA' PA'""' PA' PA "" PA ' PA 

where X 1} X 2 , . . . . , X n _ r X n _ 1 are the coordinates of the point P on the ellip- 
soid, and X n _ t+X , . . . . , X n _ 2 , X n _ x those of a point on 2„_ 3 • Again, the direc- 
tion-cosines of the tangent to the hyperboloid at A are : 

T k 1 1 

on n -^b-i-+i -%. n _ 2 L k(l a ) J 

U, V, . . . . , V, 



GA ' ' GA » GA 



*In adopting the above nomenclature we have followed the analogous one used by Darboux, Legons 
sur les systetnes orthogonatiao, p. 489. 
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The distances PA and CA are: 

pi== acosfl ^ I [i-^d^*)] [0 «_ fc (fZ^)] 

Vl-a 2 ^ " fc(l-a 2 ) 

and the cosine of the angle between these two lines is found to be 



Vfc 2 (l— a 2 )— 1 
coso= — . - = const. 

V& 2 (l-a 2 )— a 2 

In the same way we may prove that the cosine of the angle between the lines 

P'B and CB where P' is any point on H r _ 2 and B a point on 2„_ r _ a , is constant 

and equal to 

Va s -ft 2 (l-a 2 ) 
cos a = ; = seco= const. 

Vl — fc 2 (l — a 2 ) 

and, since «'= — —a', where a' is the angle between the spheres 8 h having its 
centre at P' and the focal locus K n _ r , we have 



• , , *Vi-< 

smw = cos a 



V/c 2 (l — a 2 )— 1' 

Hence, if u is a real angle, w' is imaginary and vice versa. We may now state 
the result in the following 

Theorem. A general cyclide of Dupin of the fourth order in #„_! is the 
envelope of spheres whose centres lie on an ellipsoid of revolution E n _ r and 
which intersect a fixed r — 2-dimensional sphere K r _ 2 at a fixed angle a. It is 
also the envelope of spheres whose centres lie on a hyperboloid H,._ 2 , and 
which intersect an n — r-dimensional sphere K n _ r at a constant angle a'. 

It remains to discuss the nature of the loci of double points on the cyclide. 
For real cyclides the equation of the principal sphere 

r_l a 2 J a 2 a 2 1 

•-» , f v , a T L l-a 2 /c 2 (l-a 2 ) 2 jLl-a 2 fc 2 (l-a 2 )] 

t X * + l X ^+ fc(i_ fl «)J - —IT 

k 2 (l— a 2 ) 

is also real. Let the centre on the X„_ r axis — -j-p, ^- be inside the ellipsoid 

and between the two sheets of the hyperboloid. 2 r _ 3 is then real, the focal 
locus K n _ r is then imaginary and K r _ % is real, as is also the principal sphere: 
The sphere S„_ r is imaginary and the cyclide has one real locus of double 
points only. 
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Let the centre C be between the foci of the hyperboloid and the ellipsoid. 
The principal sphere is imaginary, since the two factors in the numerator of 
R 2 have opposite signs. The focal spheres K r _ 2 and K n _ r are real since 
k 2 (l — a 2 ) — a 2 is positive. The cyclide has no real double locus. 

Finally, when the centre C is outside of the ellipsoid, the principal sphere 
is again real while 2,._ 3 is imaginary. The sphere 2 n _ r _i is real and the cyclide 
has one real locus of double points. 

§ 8. Transformations. 

If we transform the cyclide by an inversion whose pole is on one of the 
focal loci, say K r _ 2 , it is transformed into a torus. In fact, the focal sphere 
K r _ 2 is transformed into an r — 2-flat, and the spheres 8 h which, as may easily 
be proved, intersects K r _ 2 orthogonally are transformed into spheres whose 
centres lie on this flat.* The transform of the cyclide is therefore the envelope 
of spheres whose centres lie on the r— 2-flat and touch a given sphere, namely 
a transform of one of the spheres 8 e . By revolving this latter sphere about 
the flat we get a torus, the transform of the cyclide. If the pole lies on the 
sphere K n _ r this sphere is transformed into an n— r-flat and the spheres S, 
which are orthogonal to K n _ r , are transformed into spheres whose centres lie 
on the n — r-flat. These spheres touch any one of the transforms of S h and the 
new surface is therefore obtained by revolving the sphere S h about the n— r-flat 
as an axis. The surface is therefore a torus. There are oo"~ 2 inversions which 
transform a cyclide into a torus. If, in particular, the pole lies on the sphere 
2„_ r _i (or on 2 r _ 3 ) we obtain a cone of revolution. There are therefore cc"- r -i 

inversions which will transform a cyclide of type r< — ±— into a cone of 

Li 

revolution. 

Since the cyclide has only two focal sheets, the determinant in §3, note, 
has only two roots, q x an d <y it of multiplicity r — 2 and n — r, respectively. 
There exist, therefore, corresponding to i^ao*" -3 principal directions on the 
surface which lie in a space #„_„• and corresponding to R 2 there are oo re ~ r ~ 1 
principal directions lying in a space # r _ 2 .t Thus we found that from any 
point A on the locus of double points 2 r _ 3 pass oo n_r_1 isotropic lines forming 
an isotropic cone of revolution whose elements are lines of curvature. Through 
any point P not on 2,._ 3 or 2 re _ r _i pass two pencils of oo n_r ~ 1 and oo r_s circles, 
respectively. The circles through P generate two spherical spaces 8 n _ r and 



* As a consequence we have a new mode of generation: a cyclide of the fourth order is generated in 
two ways by spheres whose centres lie on a hyperboloid of revolution E r . 2 (or an ellipsoid of revolution 
En.r) and which intersect a sphere K r . s (or K n . r ) at right angles. 

fSee Bianchi, Lezioni, Vol. I, p. 369. Seconda edizione. 
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S r _ 2 which intersect at right angles, as may easily be proved by transforming 
the cyclide into a cone of revolution. 

We consider two special cases. If Zc=0, 2,._ 3 is the imaginary sphere 

t?-2 

2 X\=. — 1, X x = . . . . =X n _ r =X n _ 1 = and 2„_ r _! becomes the unit sphere 

n—r 

2Ij=l, X n _ r+1 —X n _ r+2 = . . . . —X tt _ 1 = 0. The cyclide is symmetrical with 

i ' 

respect to all the coordinate planes. 

If 2 ri _ 3 is the null-sphere whose centre is on the vertex of the focal 

hyperboloid we have k = ■ . The focal sphere K n _ r becomes the point- 

VI — o 2 

sphere and 2„_,._i an imaginary sphere with radius = - which is im- 

a 

mersed in the directrix-space of the focal ellipsoid. 

An inversion with pole on 2 m _ r _i or 2,._ 2 will transform the cyclide into a 
cylinder of revolution. The cyclide will have a single real double locus in finite 
space as in the general case. 

§ 9. Cyclides of the Third Order. 

If a = l we have a type of cyclides of the third order, the parabolic type, 
obtained in §6 (49'). The locus of point-spheres on the surface are gotten 
by equating to zero the radii of the two sets of spheres (50) which we shall 
denote by S Pl and 8 Pl . We have then 

1 + 22$=*, l+2 2p?=-l (66) 

1 n— r+1 

Substituting in equations (50) we have the two point-spheres 

n-r-l / h, i 1 n-r— 1 \2 n-2 / O J,\2 

2 (X i +2p i y+(x n _ r ±2^-±±- 2 p?) + 2 + i?+(Z n _ 1 +l^)=0, 
n XX\+ "2 (Z,-2 P ,) 2 +(x k _ 2 3p2^ ~ (1 + /<:) - "s p?Y 

The loci of point-spheres are therefore : 

X±= — 2p x , . . . . , X n _ r _x= — 2p re _ r _ 1 , X„_ r = q= 2-^ — — — 2 pf , 

k 

X„_ r+1 = .... =X n _ 2 = V, A }( _ 1 = -r 1, 
X x — .... =X B _ r =0, X„_,. +1 = 2p„_ r+1 = .... =_X„_ 3 = 2p re _3 , 



(67) 



X„_ 2 : 



2^- 2 P?, X^l+4- 



n—r+l 



(68) 
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Eliminating the p's we have the spheres 



n—r fe 

2 Xi= 2(k — 1), X n _ r+1 — . . . .—X n _ 2 =0, X n _ 1 = — — 
U X X\=-2(k+l), Z 1 =....=X 1 _ f =0, Z B _ 1 =4+1, 



(69) 



which are loci of double points on the surface. If k > 1 or < — 1, one sphere 
is imaginary while the other is real, and if k<l or > — 1, the spheres are both 
imaginary. We shall denote these spheres by 2 Pl and 2 P2 . All the spheres 
8 Pi pass through 2 P2 , and all spheres S Pi pass through 2 Pi . Hence the cyclides 

of the third order in S n _! is the envelope of spheres \ q p ' \ having their centres 
on a paraboloid of revolution j p 1 > and passing through a spherical spread 

\ y P3 V on the paraboloid \ p 2 >. The locus D n _i generated by the isotropic line 

which joins a point A of S Pl to a point B on 8 Vi belongs to an isotropic 
developable A n _ 3 , and the cyclide is inscribed in this developable along the 
generators of D n _ if which are lines of curvature of the surface. The focal 
spheres K Pl and K Vi are 



2 Xl+[X n _ 1 -i(2+k)] =2(l+k), X n _ r+1 =....=X n _ t =0. 



(70) 



These spheres are tangents to the focal paraboloids P x and P 2 along the two 
loci of double points, respectively. Analogous to the theorem for cyclides of 
the fourth order we may prove that 

A cyclide of the third order in S n _! is in two ways the envelope of spheres 
J^V whose centres lie on a paraboloid of revolution -j r>H and which intersect 

a fixed sphere \j^\ at a constant angle. 

Since the spheres \ J \ intersect the focal sphere -J ^ > at right angles we 
may say : 

A cyclide of the third order is in two ways the envelope of spheres < o Pl 

(P 1 V * 

whose centres lie on a paraboloid of revolution < „* and intersect a fixed 

sphere \ jJ I at right angles. 
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§ 10. Surfaces in S n _x Analogous to Moulding Surfaces with Cylindrical 

Directrix in 3-Space. 

If we put a=0 in (29) the spherical representation of the lines of curva- 
ture will consist of a system of parallels and meridians on the Gaussian 
sphere ; the corresponding surfaces are then analogous to a certain kind of 
moulding surfaces in 3-space, viz. : those having a cylindrical directrix. The 
surface is the envelope of the n — 2 -flat 



i 
the x's and the E's having the following values : 

x x = sin 6 n _ 2 sin 6 a _ r .... sin ^ , x % — sin 0„_ 2 sin 6 tt _ r . . . . sin 2 cos Q x , 

> > 

«._ r =sin0,_,siii0 fl _ r cos0 n _ r _ lf x n _ r+1 =cosd n _ r+1 cos0„_ 2 , 

) > 

x n _ 2 = cos 0„_ 2 sin 6 n _ r+1 , x n _ x = cos B n _ r sin $ n _ 2 , 

E 1 = sm%_ 2 sm%_ r sin 2 2 , E 2 =sm 2 6 n _ 2 sm 2 d n _ r sin 2 8 , 



(71) 



(72) 



E n _ r =sm 2 d n _ 2 , E n _ r+1 = cos 2 d H _ 2 , E n _ r+2 -cos 2 $ n _ 2 Gos 2 e n _ r+1 , . 

E n _ 3 = COS 2 0„_ 2 COS 2 0„_ 4 COS 2 n _ r+1 , E n _ % = 1. 



\ (73) 



Differentiating (73) partially with respect to the 0's, and solving for the X's, 
we have the equations of the surface in the form : 

X 1 =sin6 1 sin 1M 4>„-2 

+ SU10! sinfl^^^-f +sm6 1 <p 2 +$i, 

X 2 = cos X sin 2 ... . sin 6 n _ r <p n _ 2 

+ cos 0j sin 2 sin $ n _ r _tf> n _ r + +cos 1 ^ 2 +4'i , 



X, ( _ r =cos 0„_,_ x sin 8 n _ r <f> n ^+cos 0„_ r _^ n _,+^ B _ r _ 1 , 

X„_ f+1 = COS0 B _3 cos 6 n _ r+1 4> n - 2 

+ cos0„_ 3 cos0„_ r+2 ^„_ r+1 + + cos0„^ K _ 4 +i|/„_3, 

Z, l _,. +2 =sin0„_ s cos0 n _ 4 cos n _ r+1 ^ B _ 2 

+ sin0„_ 3 cos0 B _ 4 cos0 B _^ fl _ r+2 + +sin0 M _ 3 ^ B _ 4 +^_ 3 , 

> 

X n _ 2 = Sin n _ r+1 4' M _2 + $n-r+l , Z«-l = COS M _ r ^„_2 + i> n -r , 

where 

<pi=®i sin 0»+3>- cos 0, ^i=^i cos 0^— 4>- sin 0,- . 



(74) 
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(75) 



The linear element of the surface is 

where the b's have the values : 

&! = [ sin 2 sin 6 n _ r <p n _ 2 + sin 2 sin 0„_,._ 1 4>„_ ) . 

+ . . . . +$ 2 +<i> 1 +4>n 2 , 

b 2 = [ sin 3 sin n _,4> n _ 2 + sin 3 sin 6 n ^ r ^ n _ r 

+ ....+ft + <I> 2 + 4> 2 '] 2 , 
J 

&n-r= [*,-« + *»-, + <l»i-r] S , &»-r+l = [^«-2 + <£„-,.+! + *"-r+ll *» 
) 

6„_ 3 = [cos0 n _ 4 cos0„_ r+1 ^ n _ 2 + cos0 n _ 4 cos 0„_ r+2 ^„_ r+1 

&„_ 2 =[^_ 2 +<d;'-2] 2 , 

from which it is seen that the lines x = Ci, 2 = c 2 , . . . ., B n _ s =c n _ 3 are geodetic. 
The moulding surfaces (74) have certain geometric properties which we 
shall now discuss.* There are n— 3 types of these surfaces obtained by giving 
to r the successive values 3, 4, . . . ., n— 1 ; however, these types are not dis- 
tinct, in fact, the types for which r=k and r=n—k + 2 will not yield essen- 
tially different surfaces as is seen from equations (72) and (74). If n is odd 

n — 3 ,.,.,, t n — 2 .„ 

there are — 7 — distinct types, and — ^— if n is even. 

Consider the surface V n _ r , 



& = sin 0j sin B n _ r ^ n _ r + + sin 0^ + ft , 

£ 2 = cos X sin 2 sin 0„_ r _ 1 ft_ r + + cos a ft + ^ , 

» 

£„_,. = COS 0, l _ r _i4> B _ r + ^V-r-l > £n-l = ^n-r > £«-r+l = £n-r+2 = 



— £»— 2 — ">. 



(76) 



immersed in the space £„_ r+ i = =£ K _ 2 =0; it is a moulding surface of type 

r'=3 in a space # n _ r+1 . Consider also the cylindrical surface C„_ r+1 obtained 
by constructing the normals to the space S n _ r+1 at every point of V n _ r ; the 
direction cosines of these normals to F„_ r lying in # B _,. +1 are : 

sin0j sin0„_ r , , cos 0„_,._ 1 sin 0„_ r , 0, 0, , 0, cos 0„_,, 

and these are also the direction cosines of a normal to C n _ r+1 at any point of 

*A special case of the surfaces (74) has been obtained by Uraberto Sbrana in an article entitled 
"I sistemi eiclici nello spazio euclidio ad n dimensione," Rendiconti del Circolo Matematico di Palermo t 
Tomo, XIX, pp. 258-290. The surface is one of type r — Z, the only distinct type that can exist in 4-spaee 

(re = 5) since — - — = 1 for n = o. 
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the generator passing through the point $ t 0„_ r . We now construct a 

surface F r _ 2 : 

£„_,.+!= cos 6 n _ 3 cos 6 n _ r+1 ^ n _ 2 + + cos 0„^ re _4+^ m _3 , 

£„_ r+2 =sin 0„_ 3 cos0„_,. +1 4v_ 2 + + sin B^^+Q,^, 



(77) 



£„_2 — Sin 0„_ r+1 ^ n _ 2 + $„_,. +1 , Kn-l = <K-2 > £.-!• = = £l = , 

which is a moulding surface in space S r _ t of type r' = 3. This space has the 
maximum of perpendicularity with the space 8 n _ r+1 . 

A moulding surface V n _ 2 in S n _ 1 may now be constructed geometrically as 
follows : In the space 8 n _ r+1 of the ambient space 8 n _ ± we construct a moulding 
surface V n _ r of type r'—3, and a cylindrical surface C n _ r+1 which is the locus 
of normals to S n _ r+1 erected at all points of V n _ r . We then construct a mould- 
ing surface V r _ 2 in space 8 r _ x which has the maximum of perpendicularity with 

S n _ r+1 with a convenient orientation of axes f n _ r+1 , ,£„_]. Let this space 

take all the <x> n ~ r positions that are obtained by making a certain one of the 
given axes coincide with a generator of the cylinder C n _ r+1 , and the remaining 
r— 2-axes with the r— 2 oriented directions normal to C n _ r+1 in the point in 
which the generator meets F„_ r . The surface generated will be a moulding 
surface F„_ 2 . This generation may be described as a " rolling " of # r _ a on the 
cylinder C n _ r+1 , the points of V r _ 2 in 8 r _ 1 generating the surface V n _ 2 . A 
moulding surface in #„_! of type r = 3 is thus generated by a plane 8 2 rolling 
on a cylinder C„_ 2 , the points of the curve V 1 in the plane generating the 
surface. Hence it follows that starting ivith a moulding surface in Z-space 
(with cylindrical directrix) the moulding surfaces of type r'=3 may be 
generated in the next higher spaces up to, say, S n _ r+1 and 8 r _ lf and finally V n _ 2 
by "rolling" the space 8 r _ x on the cylinder constructed with V n _ r as a base. 
8 r _ x must have maximum perpendicularity with 8 n _ r+1 . The surface generated 
by the points of V r _ 2 is of type r. 

If in (74) we put 6 n _ 2 =c n _ 2 we get two moulding surfaces of type r' = 3, 

one immersed in a space S(X 1 ,X 2 , ,X n _ r , X n _i), and the other in a space 

8(X n _ r+1 , . . . ., X n _ 2 ), both being curved varieties on V n _ 2 . Starting with a 
moulding surface in 3-space we may construct each one of these by rolling a 
plane in which is drawn a profile-curve &=&• , vt i = t P i , over a cylindrical direc- 
trix C t whose base is a moulding surface F f _! of type r'=3 in the next lower 
space ; since the profile-curve is plane it will generate a set of plane lines of 
curvature on V t . The lines of curvature on V t remain lines of curvature on 
V i+1 in the next higher space. But the lines of curvature 0„_ 2 are also plane on 
V n _ 2 , hence they are all plane. 
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The n — 2 focal sheets are all distinct; in fact, if we calculate the values 
of the principal radii we find : 

1 sin flg ... . sin 0„_,. sin 0„_ 2 ' * " " ' n ~ r ~ sin re _ 2 ' 

-V&„_ r+1 „ _ — Vv^ 



1? v "n — f+1 p 

ll, n— r+1 — „_.„ fl > • • • •» "n— 8 — 



cos 0„_ 2 '••••' « cog M _ r+1 .... cos 0„_ 4 cos 0„_ 2 ' 
i?„- 2 = — V&„_ 2 . 

§ 11. Surfaces of Revolution. 

If <£> 1 =<l>2= .... =4>„_ r =0, we get a species of surfaces of revolution in 
£„_!. If we introduce the arc of the curve ^ n ^ — ^ n _ 2 , £ n _i=4>„_ 2 as a new 
parameter it instead of 0„_ 2 , the equations of the surface may be written 

X t = sin 0j sin 0„_,.t/, , X n _ r = cos 0„_, +1 sin n _ r Z7, 

X„_,. +1 = cos0 n _ 3 cos0 re _,. +1 f Vl— J7' 2 + cos0„_ 3 cos 0, l _,. +2 ^ n _, +1 

+ + COS 0„_3^_ 4 + ^„_s , 

X n _ r+2 = sin 7! _ s cos0„_,. +1 f Vl— £7' 2 + sin 0„_ 3 cos 0, l _,. +2 ^_,. +a 

+ + sin 0„_A_ 4 +<jt> M _3 , 



X n _ 2 = sin 0„_ f +1 f L Vl — £7' 2 + $>„_,. +1 , X n _i = cos 0„_,Z7, 



generated by the moulding surface V (equations 76), turning about the 
coordinate flat X 1 =X i = .... =X n _ r =X n _ 1 =0 as an axis. Consider the variety 
0„_ r+ i = c n _ r+1 , . . . ., 0„_2 = c )l _3, u — c on the surface; it is a sphere of constant 
radius V (c) and its centre lies on the axial space X x — . . . . =X n _ r =.X B _ 1 =0. 
Let c be fixed while 0„_,. +1 , . . . . , a _ 3 vary ; the locus of centres is a moulding 
surface in S(X n _ r+1 , . . . .,X n _ t ) of type r' = 3. Any line traced on the co*" - --! 
spheres u~c, where c has any value, is a line of curvature on the surface. 
Since R 1 =R 1 = .... —R n _ r the surface has r — 1 distinct focal sheets. A 
surface of revolution of type r=3 has r — 1=2 distinct focal sheets.* 

§ 12. Transformations of the Gaussian Sphere. Orthogonal Systems. 

From equations (37) it_follows that given the spherical representation 
(29) the function W = H<P i '\/E i defines all surfaces whose lines of curvature are 
plane in all systems. The function W satisfies the following system of differ- 
ential equations : 



39,39, ~ 39, 3% l 39, 39, ' 



*A surface of this kind (r = 3) in 4-spaee has been constructed by Sbrana, loc. oit., p. 287. 
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If now we put 

where 0„_ x denotes an arbitrary constant, we have the following application of 
a general theorem proved by Sbrana : * 

There exists a transformation of the Gaussian sphere into itself by means 
of which the differential form (30) is transformed into one of the form 

2 



n-2 


~r + >) 


do»=X»2 


30, 


1 


dW 



Eidff:, (0 n _i= arbitrary constant.) 



To a point x i corresponds a point x' { by means of the equations 

Sn-i + W 



P g [(K-i+W)x i +p V '(x i , W)], 



b) x i = x i — 
where 

c) ^=S^ Ri W. dBi and ~~ +A'W+(6 n ^+Wy=0. 

1 r 

The corresponding n — 1-tuple orthogonal system has for linear element 



dW ,„ , 2* 



^ 2 =£a!£?=p 2 ^-i+^2 



~3lT 



3TP 



EM, 



the coordinates % { being given by the equations: 

S i =X t + 9 (6 n _ 1 +W)x+w'(x t , W), 

the symbol v' »» (b) &ei«# equivalent to the summation 

All the cyclic systems normal to the surfaces whose tangential equation is 
given by (37) may be obtained by quadrature. In particular, the cyclic 
systems normal to the surfaces (74) are gotten by integrating the equation 



^ 2 dW 

1 w$ 



* Sbrana, loc. cit*, p. 227. An application to a very special case is given on p. 282. 
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where the B's have the values given at the end of § 10 and W = H<& i 'VE i , (eq. 71 ) . 
For the general surface (37) the calculation of the B's involves considerable 
work. 

II. 

§ 1. Transformations. Asymptotic Lines. 
Consider the n — 2-spread (6), 

^i — 9 -X»-i — n - (Fai+Fpi) i 



X, 



, («i-/3i) 



•X»-i+ o" (F^ — F^), 



■X»-i : 



Sa^+S&F^-F 



(79) 



1+W< 

If, as was done in our former paper (A, p. 203) we consider F, a f , &, 
F' at , F'fc as the surface-elements of a space #„_! , the above system may be 
looked upon as a contact-transformation which carries the surface-elements of 
#„_! into those of #„_! . To the lines of curvature on a surface in #„_! corre- 
spond a set of conjugate lines on the transform to which we have given the 
name Euler's lines or E-lines. These lines have the property of being trans- 
formed into asymptotic lines on a surface in a space &' ffl _i by means of Euler's 
transformation 

^=F' ai , y i= p tt Pi =-a t , qi =F' Pi , S =F-Sa,F; t . (80) 

These E-lines, while they have been implicitly used by several authors,* have 
never been considered from the view-point of the theory of contact-trans- 
formations before the author's treatment of them in an article in American 
Transactions, Vol. VI, pp. 450-471. Since Euler's transformation applies to 
odd space the E-lines do not exist on a surface in even-dimensional space, and, 
as a consequence, the asymptotic lines exist in odd space only. 

The tangential equation of a surface in an even or odd space S n _ x may be 
written as before : 

2y 1 X 1 + 2y 2 X 2 + .... + (l-S^)X n _ 1 +F=0, (I) 

and, if 8 n _ t is an odd space, 

(a 1 +p i )X 1 +i(* 1 -p i )X 2 + .... + (l-SaA-)^n-i+F=0, (II) 

*Darboux, Legons, Vol. I, pp. 200-202, deuxieme edition, Vol. IV, p. 171. 
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which latter form is reducible to the first by means of the transformation 
<xi+fr = 2 yi , i(a 1 -8 1 )=2y 2 ,...., (1-W<) =1-Syj. 
The lines of curvature of the surface lf„_ 2 defined as the envelope of 
the tangent planes (II) are given by the system of differential equations 
(A, p. 211), 



d8 k _ dF' ak da, dF'pt «-■ i, *,...., -2 



t=l, 2, 



w- 



da»-^ dFp n _z da.n-2 dFe n _ z ' t ^ w — 2 



z 2 2 2 fc=l, 2 

to which in the case of (I) corresponds the system 



dyi - dFyi i = l,2, ....,n— 3, (81) 



#»-2 ^»-2 ' 

and we have seen (§ 2) that if the lines of curvature on a surface are coordinate 
lines, the y's, considered as functions of the p's, must form a completely 
orthogonal system in an n — 2-space, and that F is a particular or general 
solution of the system of differential equations (12). The contact-transforma- 
tion corresponding to (6) now takes the simple form: 

{ ~ 1+SyJ * »" "- 1- 1+Syf ' * ' 

which transforms spheres into paraboloids of the form : 

F=aLy}+2ba { +c. 

The Theorem II, (§ 2), is therefore true in any space, and the surfaces obtained 
by the application of the theory exist in any space, even or odd. 

If we consider an odd space 8 n _i and a spread F=F{a i , (5 t ), Theorem II 
may be stated thus : 

If, on a surface in 8 n _ x , a system of curves are coordinate E-lines, the 
coordinates F, a { , 8 t satisfy the system of differential equations 

( ** v) d 9k d 9k , d ?k d 9k , d 9 , d 9k - ' (1 - a) 

and a ; , 8 1 satisfy the ^ relations 

' da, 33, da { dp t \ , „ 

,d 9k , d 9k + d 9k 3pJ-°' k,k-l,2,....,n 2, 

and the surface F is found by taking any particular or general solution of 
(12a). 

If we transform to # B _i, using Euler's transformation, we have the 
following 
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Theorem III. If on a surface in S n _i a system of curves are coordinate 
asymptotic lines, the coordinates y { and p, of the surface-elements on the 

surface must satisfy the differential equations (12a) and also the -= 

relations / ^ dp, + dy^ dpA =Q 

^\8p fc , dp k dp k dp k J 

This theorem solves the problem of Lelieuvre for general odd space. A 
system of solutions y if p, having been found, q t and x, may be found by quadra- 
tures and hence also z. It should be observed that z— S#,p,- is a particular 
solution of (12a). 

In order to find surfaces with coordinate asymptotic lines it will be most 
convenient to find in S n _ 1 corresponding surfaces with coordinate lines of 
curvature. The chief difficulty which we encounter is the fact, pointed out 
before, that to real elements in 8 n _ 1 correspond in general imaginary elements 

in S,^ with the obvious result that the surface, if real in S n _i , has often an 

imaginary transform in S tt _x and vice versa. If, however, we have a real 
surface in 8 n _ lt i. e., if F considered as a function of o^, fi t , is real, the corre- 
sponding surface in #„_,, is real. 

§ 2. Consider the surfaces for which 

F~2^( Pl ) + 2 92 (p 2 ) + . . . . +2^__,(p„_ 2 ) + 2G 

obtained on p. 7. If we transform by Euler's transformation we get the 
surface ,, , .,, , • t 

z =22<Mp f )-£(p 2l - 1 -tp 2; ) (*«-i+*'#.-) +2G, J 

which is real if 9 2l is an even function of p 2l . 

As a particular case let us take a cyclide of the third order and type 

H 2 

r = -— — obtained by giving to the 9's the following values : * 

92,-1 — --g - Pz.-i > 92, = — o~ ?' 2i ' -° — y • 
We get the real surface 

k + 2 , .k—2 , . „. v . k 



x i — 9 



: p2,--i + i — ^ p 2 « , Vi = pt«-i + ipu , z = SiSp,,-^ + ~2 ' ( 84 ) 
that is, the paraboloid „_ s 

* This surface differs from (49') only in orientation of axes. 
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This surface is generated in two different ways by self -dual flats correspond- 
ing to the two sets of curvature-spheres which generate its transform in S„_ x . 
These flats are evidently: 

k— 2 , n k+2 



oo,= 



■ y t + 2p 2l _ 1 , x t = — 2~ y t — 2t'p 2i , 

k k 

■■ 22 [fri-iVi— pl-i] + -j, z =2iH [p 2i y — iplj + y 



(85) 



If we introduce the parameters a { , /?,- instead of the p's in these equations we 
see that they are real flats. The asymptotic lines are to a certain extent inde- 
terminate. In fact, the flats I and II lie entirely in the surface (84'), and 
through any point on the surface pass two flats so that any curve immersed in 

n—i 

either one of them is an asymptotic curve. Through any point will pass co 2 
asymptotic directions. 

To the flat x t =ay t +b if z=2e ai +d, (86) 

corresponds a sphere (A, p. 217) 

(x 1+ hp)' + ^h^)\ .... + ( x _ -<)■= (±fi\ 

but to a sphere corresponds two flats since R= ± . We shall call the 

ft I /7 

flat for which R=-\ ^ — the positive correspondent and the one for which 

R = ~— the negative correspondent. To point-spheres correspond flats 

for which a= — d, that is, the two correspondents coincide. Any pair of + 
and — correspondents in the same set are said to be conjugate with respect to 
the flat-complex a + d = (A, p. 217). Comparing now equations (51), p. 20, 
with (85) and (86), it appears that the flats of the first set are negative corre- 
spondents, and those of the second set are positive correspondents. To the 

nodal loci on the cyclide correspond two sets of flats on the paraboloid (84) 

jc 2 k 

belonging to the flat-complexes a+d=0= — ^ 22p| f _ 1 + -q- , and a + d = 

fc 9 &+2 

»<= — jp yj+2p«_i , oo= -y- Vi— 2ip 2i , 

* = 2Ep*_tf«- y +1, e = 2Sp 2t .t/ 4 - y -1, I" (87) 

2Sp? ( _ 1 =(fc-l), 22&=-(l+fc)- 
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They are the common generators of the quadric and the two cylinders, 

X(<c { - 1 ^y))=2(k-l), ^ X{ - k -±^^ 2 =-2{l + k). (88) 

n 2 

If the cyclide is of type r =fc — ^— , we give to the fy's the following values : 



k+2 



k—2 



k—2 



i = l, 2, ,r, 



$2i-l — J~ P2i-1 J $2i — —7 f>2i 1 far+t — ~ J f>2r+t > t = l 2 

The transform of the cyclide is : 



k+2 , .k—2 

x i =~2~P*i-i+*-~2-?2i> 



j = l,2,....,r, 
. = 1, 2,. ...,-—, 



_&— 2. ,. . _. v k 

X r+s— ~ o — LP2(r+»)-l~r*P2(r+ol2/r+»> S — * Zj p2jP2f-l + ^ ' 



5 = 1,2,...., 



w— 2 



n — 2 — 2r 



(89) 



Eliminating the p's we get the parabolic surface of — \-r dimensions 



ia 2l k*-± , , "I , k 



k—2 



x r+s — o Vr+s 1 



s = l, 2,.... ,^-r. (90) 

As in the preceding special case the two sets of spheres generating the 
cyclide are transformed into two sets of flats : 



x 



'■i =—^yi+2?2i-i, 



k—2 



X r+s — Q 



Vr+s 



z =22p i ,_ 1 y,-22pi,_ 1 + ir . 

1 \ & 



iH 



x t 



k + 2 _. 



a?, 



k + 2 



r+s" 



Pr+s ^(p2(r+«)-l + *P2(r+j))> 



b-2 re-2 

2 2 



e = 2i2p 2j */,--22 (p 2(r+s) _i— tp, (r+ ,) ) y r +s+ 2 2 pl,-+ 2 2 p 2y _i+ -„- , 

1 r+1 " 

(j=l, 2, , r, s=r + l, ....,— A 
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The flats of the first set lie entirely in the surface and may be considered as 
generating the surface, the Cartesian equation of which is obtained by elimi- 
nating the parameters p 2j - • The flats of the second set intersect those of the 
first in points on the surface, hence the parametric equation (89) may be 
gotten by solving I and II for x i , y i , and z. 

Since to every sphere of radius R=f=0 correspond two flats which do not 

intersect, to every surface in £„_! correspond two surfaces in 6\_ x ; these are 
said to be conjugate to each other.* The conjugate of the surface (84) is 
obtained by changing the sign of 1^ and B 2 so that we have 



a+d 
2 =7?1 


= 


y [22pi,_ 


i+l- 


-ft], 


Ri= — 


4" [22p!,+ 


a — d 


1- 


-2E&-! 


a — 
2 


d 1 


-2S P L 
2 ' 




2 




2 ' 




which we have 














a = 2Spi,_ 1 - 


k 
~2 


, d = l- 


ft 


a — 


-2Sp| r 


k a 
-y, d = 



ft + 2 
2 ' 

the conjugate surface is therefore generated by either one of the two sets of 
flats 

»<= (2Sp| i _ 1 — y)^+2p 2 ,_ 1 , a; t = -(2Sp»„+ -| )y i -2ip f , , 1 

z = 2Sp 2< _ 1 «/ < + 1 — -=- , a = 2»Spijy j ^- . 

Eliminating the p's we have the quartic surface 

n— 2 «— 2 

2 2 7 2/1 

S (a? i y»-%y,)»-2 S x iyi -k2yl+z(z+k) + — =i =0, (i<ft), (84") 

l i 4 

which intersects the quadric (84'), i e., its conjugate, along the null-flats of the 
first and second sets, that is, flats for which 

2S(4> 1 +1— ft=0 and 22pt, : +l + ft=0, 

(equations (87) and (88)). 

If the cyclide is of type r =£ „ - the equations of the surface conjugate 

to (90) are 

S(*4fc -%2/,) 2 -2S ; r,t/ ( .-ftSy?+^^ + ft) + ^=^ =0, 

-i if £*■ 

\ (90') 



M^r+- %«/,+ s )«/<+««/r+ s + -y-2/r +s =0, 8 = 1, 2, ,— — 



*Also " reciprocal " in the terminology of S. Lie. 
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Since the flats of the second set do not lie on the surface (90) the null-flats of 
the second set will not lie on the intersection of (90) and (90') ; only if 

r= —r — will this be true. 

§ 3. Transformation of the Cyclides of the Fourth Order. 
We write the two sets of spheres which generate the cyclide of type 

r = —9— as follows : * 

2X?+2cot0„_ s cos0„. . . .cos0„_ 3 X 2 + + 2cot0„_. 2 sin0„- X„_ 2 



+ 



2a c S ce n _ 2Xn __ 1 + kK 



2k 



V1-0S 



Vl — oil 



CSC0„_ 2 , 



SX?— 2 sin ?i _ 2 .... sin 0^— .... —2 sin 0„_ 2 cos nj _ 4 X„_ 3 
2 22 

2cos0„_ 2 



Vl— a? 
Transforming we get two sets of flats, 

1(a) - 



X^l + k* 



+ 



(XftfC 



COS0 



Vl-oS nz r 



*} 



(92) 



~ 2 11(a) 

z = — Hb i y i +d, 
1 



n—'Z 

z =T,b i y ; + d, 



where a, b { , d, a, b t , d have the following values : 

a=-Jl±^c S cB n ^+k, a= Jl±^cos0„_ 2 +/c, 
^ 1— o y ±—a a — 

6 ( =— sin0„_ 2 ^ o 



l + i*o 
&.= tcot0 n _# o 



$>,- and ^ having the values : 

ft^osfl cos0„_ t cos0 I ,_ 3 , $ (+1 =cos0, cos0„_ (l . +3) sin0„_ (l+2) , 

2 2 

& = sin 0„_ 4 sin 0j , + {+1 = sin 0„_ 4 sin 0,. cos t _j , 

2 2 

i=l,2,....,^T 4 



* These equations differ from (46), only in orientation of the axis X lt . .. ., X„_ s ; we also have 
put a = a a in order to avoid confusing it with the parameter a in 1(a) and 11(a). 
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Eliminating the 0's from I (or II) we obtain the quartic surface: 

m— 2 n— 2 n— 2 

(1+flo) | (oo i y k -x h y i Y + {l-a )i{x i -ky i y-{l + a )iy i i 

+ (l + a o )(s—k)—l + a =0, i<k. (93) 
The conjugate surface is : 

M— 2 n~ 2 w— 2 

(l-oo) S (^.^-aj^r+a+ao) i (^+^) 2 -(l-a )|^. 

+ (l-a )(s + &) s -(l + a )=0, (93') 
generated by the two sets of flats : 

Kb) \ x= a%+K nw h=l^ + \ 

where a', a*', a', d' have the values 

a'=Jlz^?csc0„_ 2 -&, a'= yll=±° C os6 n _ t ~k, 

# = Jj±*CSC0„_,-fc, 3' = -J i±f? COB «._,-*. 

' 1 — a l — "o "2" 

These two surfaces intersect along the two sets of null-flats whose equations 

are: 

* Vo*— k\l— a?) 



a ky { + Wl + k 2 (l-at)^, x--.-—y i f ^, 



n—'i 



z =-SWl+* , (l-a!)^+a* f z =-' £ /( *~-* {1 ~* ) +<*+*-. 
These flats are the intersections of the quadric cylinders 

E(* i+ ao%,) 2 =-[l+fc 2 (l-^)], and S ( g<+ l y Y = fg ±Jffi=^ 

\ Wo / 1*0 

with the surface (93) or (93'). 

If the cyclide is of type r< — ~— we write the two sets of generating 
spheres as follows : 

EX? +2 cot n _ 2 cos 0„_ r+1 .... cos 0„_3X 2 + .... 

+ 2 cot 0„_ 2 sin n _ r+1 X 2(r _ 2) + ^|^? X„_ a = 1 + & 2 

yi — wo 



2A; , 

;CSC0„_ 2 , 



Vl— oS 
EX?— 2sin0 n _ r . . . .sin 0^—2 sinfl„_. . . . cos B 1 X a — . . . . 

— 2sin0 B _ r cos0 r _ g Xj (r _ 2) _i— 2sin0 B _ r eos0 r _ 2 X 2(r _ 2)+1 

n • * a -V 2 cos n _ r „ 

— — 2 sin n _ r cos 0„_ r _ 1 X„_ 3 — X„_j 

VI— «o 



„!+,,_,[!_ «*„.q. 



(94) 



Eibsland: Flat-Sphere Geometry. 



39 



The parameters b t , c if a, d, b t , c { , a, d of the corresponding flats are therefore : 

fe x = i cot 0„_ 2 cos n _ r+1 cos 0„_ s , 

fc 2 = icot0 ft _ 2 cos0 IV _ r+1 sin0 n _ 3 , , 

b r _ 2 —i cot n _ 2 sin 0„_,. +1 , 

a=-J 1 +3csc6 n _„z + k, c { =-b n i=l, 2, . 

d =— J J: - a °csc0 B _ 2 + A:, & r _« + , = c r _ 1+ ,=0, 

s = l, 2, 

fe x =— sin0 n _ r . . . .sin^, & 2 = sin0„_,.. . . .cos^, . . . ., 

& r _ 2 = — sin0 B _,. cos0 r _ 3 , c~bi, i = l, 2, , r—2, 

b r -2+s=— sin0„_, sin0 r _ 2+2 ,(sin0 r ^ +2s cos0 r _ 4+2s +icos0,._3 +2s ), 

^r-8+.= — BinJ,. f sin0 r _ 2+2s (sin0,.^ +2s cos0 f _ 4+2s — icos0,._ 3+2s ), 

a = Jl+io C os0„_,. + &, ^-J^Z^cos^+ft, 



,,r-2, 



» + 2 

•' 2 



s = l,2, ,-jj r. 



The two sets of fiats may then be written : 



(95) 



1(c) 



11(c) 



r-2 

2 = — Z6<y< + d, 

1 



X r+$—1— a yr+s-1~\b r+s _2, 

r— 2_ _ 

2= 2&«y,+Ec r+ t-#r+#-«+d, 



i = l,2, 

> = 1,2, 



r—2 T 
» + 2 

-2-~'j r 

« — 6 



Eliminating the parameters 6 t from 1(c) we obtain a surface of — ^ H' dimen- 
sions whose equations are 

»'-2 >-2 1-2 

(l + »o) S (^y t — %2/ t .) 2 +(l— o ) 2 (»<— % ( ) 2 — (1 + ao) Syf 
i i i 

+ (l+a ) (s-ky-(l-a )=0, 

r-1 

(l+oo) S (»,+,_#<— Xiy r+s -i)yi— (l + o ) («— &)y, +s _ 2 



n + 2 



+ (1— Oo) (»,+.-«— %r+.-«)=0, 5 = 1,2, ,-g r. 



(96a) 



Its conjugate, which may be obtained by changing the sign of a and /« in the 
above equations, has for equations: 



(1— Oo) S (aw*— a^ ( .) 2 +(l + a ) S (^+%i) 2 — (1— a ) 2*/ 2 

+ (l_a )(s + ^-(l + « )=0, 

r-2 

(1— oo) 2 (« r+ ,y,— *,-y,+._j)y J — (1— oo) (^ + ^)?/ r+5 _ 2 
i 

+ (l+Oo) (»,+.-« + %r+.-i) =0. 



(96b) 
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The second set of flats which do not lie on the surface intersect those of the 
first in a point on the surface ; the parametric equations of the surface will 
therefore be found by solving 1(c) and 11(c) for x { , y if and z. The null-flats 
of 1(c), which also lie on the surface, form part of the intersection of the 
surface (96a, b) with its conjugate. The second set of null-flats are common 
tangent flats of the two conjugate surfaces along the remaining locus of inter- 
section in the finite part of space. At infinity there is a common cone of 
intersection whose equations are : 

r— 2 )— 2 "| 

^{x i y k —x k y i )' i =0, S (oSr+iVi— ^y r +i)i/i—0, { , Q7 , 

«,-+ S -2.Vr+ S '-2 — «r+ S '-2«/r+ S -2 = 0> «' =£ S, U — 0. J 

The surface (96a) is the locus of qo' -2 flats which intersect a family of 
co n " r flats. Such a locus we shall call a flat-regulus and denote it by the 
symbol B^lP' , the lower subscript indicating the dimensions of the surface. 

If a regulus is a quartic n— 2-spread, or is the intersection of two or more 
such spreads, we shall call it a quartic regulus; it may of course happen, as in 
the case of (96a) and (96b), that one or more, but not all, reduce to cubic 
spreads, quadrics or even flats. A cubic (quadric) regulus is a cubic (quadric) 
n — 2-spread, or the intersection of two or more such spreads. (96a), (96b) 
and (90') are quartic reguli, and (90) a quadric regulus. In 5-space, however, 
w = 6, the reguli (96a) and (96b) are cubic, as is also the case in any odd space 
if r=3 ; the regulus has then only a single infinity of flats. 

The flats generating the surfaces belong to certain systems of linear flat- 
complexes which we shall study in a more comprehensive manner in another 
paper. We shall state the results obtained in the following theorem which is 
a generalization of the corresponding one for 3-space given by Lie. It is per- 
tinent to point out here the great generality of the theorem, since in 3-space 
only one type can exist, namely, r = l for cy elides of the third order, and r = 3 
for those of the fourth : 

Theorem. The generalized flat-sphere transformation (3) carries the 

=,«— 2 
Dupin cyclide of the third order and type r< — - — in 6\._ 1 (n — 1 odd) into a 

n 2 

quadric and quartic regulus of — \-r dimensions which are conjugate to each 

other. If r — \ the quartic regulus is cubic, and in 5-space it reduces to a 

n — 2 
quadric regulus. If r= the transform is a quartic n — 2-spread. The 
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same transformation carries the Dupin cyclide of the fourth order and type 
»•< — g — into two conjugate quartic reguli of dimensions " -\-r, which 

become cubic if r=3. In Q-space they are quadric reguli. If r— — - — the 

transform is a quartic n — 2-spread which in b-space has a quadric locus of 
double-points at infinity. 

The asymptotic directions proceeding from a point on a regulus R'f-iP 

lie in the two flats that intersect at the point. There are co 2 directions which 
lie in the flat of the first set, and co' -3 lying in that of the second set. The 
asymptotic lines are therefore indeterminate to a less extent than the lines of 
curvature on a cyclide.* For m=4 r—3 (ordinary space) the number of 

H+l-W+2 

directions are finite and equal to 2. The group of co %~~ contact-transforma- 
tions whose characteristic functions are given by (2), carries flats into 
flats, and it therefore transforms all flat-reguli inter se. The group is there- 
fore related to all the spreads Ri% and Ri r ~£ y in the same way that the 

■j-+r —+r 

projective group of co 15 transformations are related to all the quadric surfaces 
in 3 -space. We have thus obtained a class of surfaces in odd space which 
from the standpoint of Sphere-Flat Geometry is the generalization of the 
quadric surface in 3-space, and which we shall meet with again in the study of 
flat-complexes. 

§ 4. The Asymptotic Lines on a Sphere in Odd Space. 

We have seen that the asymptotic lines on the transform of cyclides in 
#„_i are to a certain extent indefinite; these spreads are therefore exceptions 
to the general rule. Thus, for example, the transforms of homofocal or 
co-axial quadrics have definite asymptotic lines. 

The asymptotic lines on a quadric surface have not been determined except 
for 3-space. Let the quadric be written 

2fl,a 8 +2&«y*+c«*=.l. (98) 

Transforming by Eider's transformation (79) we have the surface 

F»=-i[l+cS^-][l-26 J «], (98') 

n 

* Tliis is not true relatively. The regains is a surface of dimensions — (- r while the corre- 
sponding cyclide is of «• — 2 dimensions, 

6 



42 Eiesland: Flat-Sphere Geometry. 

so that the tangential equation of the transform in the a ( , fi t coordinates (5) 
is known, and the parametric equations of the surface may be derived from it. 
The surface is not real, and the determination of the lines of curvature is not 
a simple matter. In the case of a sphere a direct method is successful. Let 

the sphere be written 

2* 2 + 2</ 2 + z 2 = r 2 ; (99) 

the system of total differential equations which determine the lines, viz. : 

n 2 

dx i dp n=1 +dy i dq n _2=0, dq i dp n _ ± —dp i dq^=0, t = l, 2, , -— , (100) 



may be replaced by the following : 

dXidpi+dyid 
We have from (99), 



n 2 

dXidpi+dyidq—0, dq 1 dp i —dp 1 dq i =0, »=1, 2, , — — . (100') 



Introducing the values of dp t and dq i in (100'), and keeping account of the 
relations dx x dy { — dy 1 dx i =0, (i=2, 3, . . . ., — — j, the system becomes 

dzias^Xi+yfdyt) = z{dx\+dy\), ) 

j-(101) 
dzHyiXi—xtft) =dz{y 1 dx { —x 1 dy i +a; i dy 1 —y i d(B 1 ). J 

We shall first suppose that dz =f= 0. The second set may then be integrated at 

once giving — — — integrals : 

n 2 

y 1 x i —x 1 y~2c i ^ 1 z, i = 2, 3, , -^— . (102) 

In order to integrate the first set we shall introduce the variables %i i and v t , 
putting 

Xi+ty—Ut, %.= ———, 

U103) 
x—Wi = v t , y { = -—^— , 

so that (90) and (102) become 

n 2 

s 2 +Sw^=r 2 , u 1 v—v 1 u i =2c i _ 1 z, i = 2,3, , -q— , (104) 



2 



and the first set (101) is now 

dz 2du,dv,- 



z VjdUi+UfdVt 
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which, since dvxdu^ — dn^dVf—O, may be written in the form: 

dui _ v i du 1 -{-u i dv 1 
ds 2zdv l 

Introducing now a factor of proportionality p, we may write this system 

in the final form : 

pdu i =u i dv x -\-v i d'u 1 , pdz — 2zdv x . (105) 

Differentiating (104) we have, 

n 1 dv i +v i du l — v x du t — u i dv 1 —2c i _ 1 dz, 2(w i d't'i+^ M i) = —2zdz, (106) 
which, together with (105), constitute a system of n linear and homogeneous 
equations in n — 1 unknowns du { , dv i , dz. This system will be consistent if, 
and only if, the determinant of the system vanishes, i. e., if 

v 1 —p M x 



v s 



-p 
-p 





v t —Vi. 
v 3 



v s 






u 2 








U s 





-p 


2z 





2 Cl - 


—u 2 


u 


2c, 


— Ms 






2z 



. 
. 
. 










W n— 2 

2 



:0. (107) 



Expanding this determinant we find that it is a quadratic in p, p" 2 being 
a factor. The zero value of the root may be neglected as no solution of the 
system (105) corresponds to it. The quadratic equation is: 



n— 2 
2 



«-2 
2 



PH 



4s («!«+ S iV-nO 4s 2 [ 2 c\_ x — u x v x ] 
~ P + — ' 



S«J 



2m 2 



:0. 



We now solve the equations (104) for v 2 after eliminating t> 2 , v s , . 
and substitute in (108). Solving we have the two roots 

n— 2 

— 2z(u 1 z+ 2c i _ 1 w i ) ± 2s V# 



(108) 



' J ^M— 2 



P : 



2m| 



where R = Vm 2 / -2 — 2cf_i2M 2 + (2c,-_ 1 « l ) 2 . Introducing p in the system (105), 
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and eliminating the v's by means of (108), we have the following system of 
differential equations : 

dz diii 

2 



«— 2 
~2~ 



m 2 («vS+ E Pz-iM/hf Vi?) — CjSi/ 2 - 

2 



M-2 

2 



(109) 



" 2 " 2 "2 

By properly combining we easily find the following algebraic integrals: 

?* = ■?+*,«,, < = 1,2,....,'"= 6 , (11.0) 

the k's being constants of integration. The remaining integrals may now be 
found as follows: We substitute the values of the it's from (110) in the 
expression for R, above, and find 



I ?i-6 n— i »-6 

R = Jr'--(l+hk?)hcl + (ik i c !+i yn 1 =:Au 1 ; 

V 111 

we also have 

n— 2 w— 8 

2 ' "2 ^C 2 - 

S C M «,- = S /5,C; „«! + i M 2 = 2?«, + 0»., , 

2 1 C l 

H— 4 

i 6 j 6 i 

= Dm? + 2 ^ «!«,+ — «S , r'-A^c^D-Tf 
c l Ci 

We have then to integrate the equations 

dz dui 



iii(r i -j-z*)+2zAu 1 ' tiling + Bu t + Ci^l 2 Aiti) 



(9 £> fl 

D« 2 +~-«i«2+-r M i 
C l <-l 
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which may be further simplified by putting ti 2 = vu 1 : 

dz diii dv 



(111) 



r*+z 2 + 2Az u^z+B + Cv + A) c 1 D + 2Bv + Cv*' 

These equations may be integrated by quadratures. We find, 

„_a(r*-A*)-(Cv+B) g §y 

l+a(Cv+B) ' x ~~l + a(Cv + B) 2 ~ l + a(Cv + B)' U ' 

The remaining u's and all the v's are now obtained from the equations 
(110) and (104). A rather long but not difficult calculation shows that they 
may be expressed in the form : 

_ P i+i +q i+a v r 4 + Si v »-2 

m ~ l+o(Cv + B) ' V '~l + a(C«+B)' ' w '-'--' 2 ' Uid ' 

where the coefficients p s , g, ( -, r,-, s t depend on the n — 3 integration constanls 
C/, k,-, a, (3. From these equations it appears at once that the integral curves 
are straight lines. Through any point on the sphere will pass two such lines 
corresponding to the two roots of (108), or, corresponding to the + and — 
sign of A in (111). 

We shall investigate the remaining asymptotic loci. We assumed dz=f=0. 
Let dz—0. The second set of equations (101) vanish identically, and the 
equations of the first set are: 

dz=0, dxi+dyf=0, *=1, 2, ... ., ~, 

which are satisfied if we put 

I. z = C, x i -\-iy i = m i , or, II. z = C, x t — iy.=<n.. 

The first set of flats intersect the sphere in an -—^— dimensional flat whose 

equations are: 

z — C, X-, + iy t — m ; , C 2 + 2m,- (a? ( — iy,.) = r 2 , 

and the second set intersects the sphere in a similar flat whose equations are: 

z = C, x i —iy i =n f , C 2 4- 2n, (#,+%,.) =r 2 . 
Through any point on the sphere pass two such flats and hence there will be 

n-4 

oo 2 asymptotic directions through it and lying in the respective flats. We 
shall call these loci asymptotic flats. The results obtained will now be stated 
in the following 

Theobem. There are two sets of asymptotic loci on a sphere in odd- 
dimensional space. The first set consists of a double family of oo" -3 straight 
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lines of which through every point on the sphere will pass two. The second 

» n 4 

set consists of a double family of <x>* — — — -dimensional flats, the asymptotic 

~* n-i 

flats, and through every point on the sphere will pass two flats and co 2 
asymptotic directions lying in each flat. 

For 5-space these flats are straight lines so that we may say : 

Through every point on a sphere in 5-space pass four definite asymptotic 
directions and the four sets of asymptotic lines consist of a four-fold family of 
00 s straight lines. 

In 3-space the first set of co 1 asymptotic lines remain while the asymptotic 
flats, being of zero dimensions, become the <x> 2 points of the sphere. 

There exist an indefinite number of surfaces whose asymptotic loci are 
straight lines and flats, namely, all the transforms of the sphere by the trans- 
formations of the group (2). Thus, the quadrics 

belong to this class, since the transformation, 

x t = a ; x' { , y—a^'i, z = cz', 
carries flats into flats. 

The transform of the sphere in S n _ 1 is a sextic surface in #„_! whose 
equation is : 

[r^l+Xl_ 1 )-Z,(X 2i _ 1 +iX^][l+Xl_ 1 + X(X 2i _ 1 -iX 2i y]=Xl_ 1 (l + ^^^ 

1 

which has the absolute as locus of double points. The surface has four focal 
sheets if «>6. In 5-space the surface has circular lines of curvature in all 
four systems; it therefore presents a striking resemblance to the cyclides in 
ordinary space. 

West Virginia University, January 10, 1910. 



